KTH EI1120 Elkretsanalys (CENMI), Omtenta 2014-05-22 kI 08-13

Hjilpmedel: Ett A4-ark med studentens anteckningar (bada sidor).
Svar far anges pa svenska eller engelska. En kort ordlista finns pa sista sidan.

Lés varje tal noggrant innan du foérséker svara.

Téank pa att anvéinda aterstaende tid till att kolla igenom varje svar: man kan gora dimensionsanalys,
rimlighetsbedémning (t.ex. ”dr det rétt att y gar ner medan x gar ner?”), och lésning genom en alternativ
metod. Losningar ska forenklas om inte annat ar specificerat.

Satsa inte for mycket tid pa bara en uppgift om du fastnar: ta hinsyn till podngvirden pa uppgifterna.
Det &r ofta sa att senare deltal &r betydligt svarare én de forsta deltalen.

Tentan har 8 tal i 3 delar: 3 i del A (12p), 21 del B (10p) och 3 i del C (18p).

Riknande av betyg: Lat A, B och C vara de maximala mgjliga poéngen fran delarna A, B och C i tentan, d.v.s.
A=12, B=10, C=18. Lat a, b och ¢ vara podngen man far i dessa respektive delar i tentan, och ay vara poéngen
man fick fran kontrollskrivning KS1, och by poéngen fran KS2, och h bonuspoingen fran hemuppgifterna.
Godkénd tentamen (och dérigenom hel kurs) kréiver:

max(a, ay)

A

max (b, bx) max(a, ax) + max(b,by) +c+ h > 05

>
204 & A+B4+C -

c
>0,4 — >
>04 & 070,3 &

Betyget riknas ocksa fran summan 6ver alla delar och bonuspoéng, d.v.s. sista termen ovan!
Betygsgrinserna (%) #r 50 (E), 60 (D), 70 (C), 80 (B), 90 (A). Ar betyget mellan 44 och 50%, eller bara en
av delarna av tentan underkénd trots bra betyg i de andra, sa kan betyget Fx registreras, med mojlighet att
fa betyget E om ett kompletteringsarbete dr godkint inom nagra veckor efter tentamen. Se PM:et angaende
rattningsnormer och 6verklagande. Instruktionerna ovan tar prioritet 6ver PM vid skillnad.

Examinator: Nathaniel Taylor

Del A. Likstrom

1) (1) R,
Kénda: Rl, RQ, Rg, R4, U, Il, 12. /\/\/\/
a) [1p] Bestdm effekten levererat till R;. R,
b) [1p] Bestém effekten levererat till Rs. U G) L CT) Ry
c) [2p] Bestiam effekten levererat fran kéllan U. Ry I
—>

2) [4p] Uz
Kénda: Ry, Ro, Rs, Ri, U, 1, g, h. Ry Vs

e AYAY N
Anvind nodanalys for att skriva ekvationer som gar att Uy
16sa for de okénda potentialerna vy, vs, vs, v4.

+

Du maste inte lésa ekvationerna, och maste inte skriva U C—) hi, Ry § v
om dem i forenklad eller matris form. Du far definiera 1
hjilpvariabler (men ekvationerna maste ricka till att [ m
unikt bestdmma potentialerna).

U1
Det finns flera mojliga svar (alla med samma lésning). R. o
Formodligen &r det bést att anvénda ett systematiskt sitt 3
att skriva ekvationerna ... V VYV Ry iy
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3) [4p]
Kénda: U, I, Ry, R, R3, Ry, Rs. WW + v,

Operationsforstarkaren antas vara idéal. Ry

a) [3,5p] Bestdm v,.

Voo ox AN
b) [0,5p] Vilken komponent &r inte relevant — 2 Q) s

till 16sningen av del ’a)’? Varfor?

Del B. Transient

4) [5p]

Kéanda: I, C, Ry, Ro, Rs. i(t)y

Kretsen dr i jamviktsldge innan tiden ¢ = 0.

Enhetsstegfunktionen &r skriven hér som 1(¢). c § R Rs §
Bestéim strémmen i(¢) i kondensatorn, som tids- R I-(1+1(t))
funktion for perioden ¢ > 0. !

5) [5p]
Kénda: I, U, Rl, RQ, Rg, Ll, Ch CQ.

a) [3p] Betrakta jamviktsliget vid t = 0~.
Bestédm i5(07), u1(07), och ua(07).

b) [2p] Betrakta tiden ¢t = 0.
Bestdm u2(01) och i3(0).

Del C. Vixelstrom

6) [6p] Ry R,
Kénda: Rl, Ll, h, R27 LQ. 5
Spanningen wug pa polerna till vénster orsaker n
spanningen u; mellan polerna till hoger, vilka &r
oppna (ingen strom). o L hi, Lo § U1
a) [3p] Bestdm kretsens nétverksfunktion, ; _
O
Hw) = uy (w)
up(w)

b) [3p] (Observera att funktionen H'(w) i detta deltal inte &r lika med funktionen H(w) fran deltal 'a)’!)
Skissa ett Bode amplituddiagram, pa antagandet w; < wo < w3 < wy, och k < 1, av funktionen

(1 —I—jw/wl)(l +jw/w4)

(14 jw/wa) (1 + jw/ws)

H'(w)=k
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7) [6p] R Ry

Kéanda: U, w, ¢, Ry, C.
Observera att berdkningarna hér kan goéras med /\/\/\/
vixelstromsanalys (komplexa tal). C

a) [3p] Bestdm Ry och L for att maximera effektutveck- |

lingen i Rs.
L
b) [3p] Bestdm den genomsnittliga effekten (”aktiveffekt”
i viixelstréms terminologi) i Ry. Anta att Rg och L ér n R
bestdmd enligt deltal ’a)’, och att man kan dérfor uttrycka C) u(t) = Usin(wt + ¢)
16sningen med bara de kdnda variablerna. Ry
Har du inte gjort deltal ’a)’, sa kan du skriva uttrycket
med Ry och L ocksa (det blir da lite avdrag for mindre <
forenklad svar). i(t)
8) [6p]

Kénda: U, w, R, L, C.

Killorna i diagrammet &r véixelstromskéllor med vinkelfrekvens w och spénning (effektivvirde) U.

De kan beskrivas med fasvektorer u, = U/0, up, = U/=120° och u. = U/—240°.

Varje impedans Z; ar en spole L, och varje impedans Zs &r en seriekopplade mostand R och kondensator C.

O~ .

Ue I

a) [3p] Vilken aktiveffekt forsorjs av hela trefaskillan (alla tre spanningskillor)?

b) [2p] Vilket viirde maste L ha (uttryckt i w, R, och C) for att ingen reaktiveffekt dras fran kéllan?

c) [lp] Bestdm i. (magnitud och fas) nér L &r valt enligt deltal 'b’.

Ordlista 6ver mindre sjidlvklara 6versdttningar: current strom, voltage spdnning, power effekt, rms
value effektivvirde, phasor fasvektor, source kdlla, unit-step enhetssteg, terminal pol, opamp (operational
amplifier) operationsforstirkare, angular(radian) frequency winkelfrekvens, equilibrium jimuviktslige, inductor
(coil) spole, active power aktiveffekt.
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Solutions (EI1120, VT14, 2014-05-22)
Q1

It is useful to remember that the power dissipation in a resistor R is i2R or u?/R, regardless of the direction
(sign) of current or voltage.

a) The series combination of Ry and Ry is connected directly across a voltage source, U, so the remainder of
the circuit is irrelevant.

2
. . . U . U .. . U?R;
The magnitude of current in R is TR SO the power is (7RI+R2) Ry, giving Pr, = iR

b) Consider KCL in the right-hand node of R3: the current from right to left in R3 must be I; + I5.
Thus, Pg, = (I + I5)* Rs.

c) There are two paths that current from source U can travel: one is through the resistors R; and Rs, and the
other is through R3 and the current-sources; these currents have been used already in the above two questions.

The current out from the + terminal of U is therefore seen to be Iy = ﬁ + I + I5, so the power delivered

by the voltage source is Py = % + UL +Ul.

Q2

Let’s just show the “simple” method (of writing lots of equations, systematically, without any simplifications).

First, KCL at all nodes except the ground node. The currents in the voltage sources are not known, so we
define new unknowns: the current into the + of the independent source U can be called i,, and the current
into the 4 of the dependent source hi, can be called iy,

U1

E - Zu - Z.h = 0 KCL(l)Out
22540, = 0 KCL(2),,
Ry
V3 — VU2 V3
S 4tgu, = 0 KCL(3
Ry i Rs o o
M gua—I = 0  KCL(4),,
Ry

Each voltage source has introduced a new unknown, hence the i,, and 75 in the above. But each voltage source
also gives a further equation, relating two node-potentials. Write these equations:

Vg — U1 = U
U1 = —hiy.
The dependent sources depend on further variables that are not known, u, and i,. Use circuit properties to

define these controlling variables in terms of components (known) and node potentials (unknowns that we
already have in our equations),

Uy = Vo — Vs
. Vg
7 = —.
Y
Ry

Now the unknowns are vi, va, vs, Vs, Ug, iy, %, and i, (total 8). Lo and behold — there are 8 equations, too.
And if the circuit is a sensible one, we can expect these equations to be linearly independent, giving a solvable
system. If we had tried more inventive methods of setting up the equations, we would have to think hard about
ensuring the independence.

Q3

a) By the usual assumption of an ideal opamp with negative feedback, v_ = v,.
« e . _ _ UR

By voltage division, v_ = v = R

Node analysis with KCLoy) at the inverting input gives %—’3 + I+ 557 =0,50 v, = v,&%‘m +IR,.

4 / 7 KTH EI1120 (Electric circuit analyis) Exam SOLUTIONS, 2014-05-22



Putting these together, v, = U% + IRy.

b) The resistor R5 does not appear in the solution above. It can be seen to be irrelevant as it is connected in
parallel with a voltage source. The voltage source is the one “inside” the opamp (in other words, “modelling
the opamp”), which also connects between opamp output and ground.

Another way of thinking is that the current in Ry has no effect on the opamp inputs, so the opamp output
will be whatever is needed to force the inputs to the same potential; there is no feedback path through Rs, so
this component is irrelevant to the question of what the output voltage is (it is relevant to another question:
what is the output current ... but that is not the question here).

Q4

As there is just one reactive component, the rest of the circuit can be reduced to an equivalent source: let’s
use a Thevenin equivalent. Remove the capacitor, and find the Thevenin equivalent at the terminals where
it connected. The open-circuit voltage is Ut = I - (1 4+ 1(¢)) Rg; this can be found by considering that if the
capacitor is replaced with an open circuit, then all the current from the source must go through Rs, and R;
has zero voltage. The resistance is Rt = R; + Rz, which can be seen by looking at the circuit impedance
between the terminals when the source is “set to zero”.

In the equilibrium at ¢ = 07, the capacitor voltage will equal the source voltage before the step, i.e. it will
be IR,. The final equilibrium as ¢ — oo will give a capacitor voltage of equal to the source’s open-circuit
voltage, i.e. v.(00) = Ur(oo) = 2IRs. The time-constant is CRt = C (R; + Rz). The final current must be
zero, i(co) = 0, as the source is charging the capacitor. The initial current is i(04) = 21122;1{2?2 = Rfﬁ-sz 1,
driven by the difference between the source and capacitor voltages, acting on the source resistance. So the

time-function after the step is i(t) = RlIER2 I exp C(Rl_j_Rz).

SO, Z(t) — % I exp (WiRZ))’ (fOI' t> 0)
Q5

a)
When the switch is open and capacitors are in equilibrium, there is just one path around the circuit, which
includes the current source and the marked current i3; checking the direction, we see that i3(0~) = I.

KVL in the loop with R; and L; shows that uy(07) = IRy, as there is zero voltage across the inductor in
equilibrium.
By KVL in a wisely chosen loop, it is seen that ug(07) = U + I(Rs + R3). Note that the current-source’s

voltage is not initially known (e.g. it is not guaranteed to be zero), so we need to do KVL around Ly, R3, U,
Ro.

b)
A capacitor’s voltage has continuity: therefore, from part ‘a)’, ug(0%) = U + I(Rs + R3).

The final part, finding i3(07), is more difficult. First replace all inductors and capacitors with (respectively)
current and voltage sources having the values calculated at ¢ = 0~ (continuity).

Then it is convenient to choose the node below Rs as the reference (ground). The source I must draw all
its current through Ry and Cs; these two components connect back to the ground node without any other
connection to parts of the circuit that affect i3. So the three components Co, Ry and U can be ignored, and
we assume the input terminal of source I is connected directly to the ground node.

The remaining circuit is just the ground node and a supernode. The supernode is the nodes on the two sides of
(4, which for this analysis at t = 0% can be replaced with a voltage source of value u; = IRy, as found in part
‘a)’. Defining the potential of the node above R3 to be v, KCL 4y in the supernode gives RL;, —I—-1+ %ﬂRl =0,
as the inductor is replaced by a current source I which is the current in the inductor in the equilibrium ¢ = 0~.

_ _IRy

1oy 1) o o— U ini o o i (0F
Hence, v (R1 + Rg) = I, and i3 = 4; combining these gives i3(07) = 7.

Q6
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a) The three components on the left are independent of the three on the right: there is only one node in
common between the two sides, and the dependent source is controlled by a variable on the left side.

The left side can be analysed by itself to find the controlling variable i,, which then can be inserted to solve
the right side. (Or just write the node equations and see the same result.)

- — uQ
The left: i, = TRy
The right: voltage division: u; = MJE#L&2
. ur jUJLz
Combined, = h(R1+ij1)(R2+ij2).

k (1+J:w/w1)(1+jw/w4) )
(I+jw/w2) (1 +jw/ws)
The following figure is only an example! The numbers are just ones that were chosen as one example of
parameters that fit the given conditions; for example, I've chosen k& = 0.1, w; = 27 - 100 Hz, etc. The figure
also shows a phase-plot on the right: this was not required, but is included for interest ... one day we might
have a phase-plot question in an exam. The poor quality of the figures is due to use of Matlab (and my not
having all day to fool around trying to make its output look like what’s on the screen); one day I must learn

a decent program for plotting, such as SciPy Matplotlib or such.

b) Bode amplitude plot of the function This has two poles and two zeros.

25

20t 4,,,,¥\,
151
10 73
5 ¢
p— L o
) )
= 0 [ =
= I
L 5t g
—1of £
-15}
20 lqgk — =201 51 o, -u)3 o,
. . . . -90L . . . .
253 2 4 6 8 0 2 4 6 8
10 10 10 10 10 10 10 10 10 10
f/Hz f/Hz

The given relation of wy € ws K ws K wy determines that, from left to right, there is a flat part, then up,
then another flat part, then down, then another flat part. The vertical position of the third flat part could
be anywhere below the position of the second one, depending on the actual values of the frequency-constants.
If the order of the frequency-constants were different, e.g. ws < wy, then the shape would be qualitatively
different. If the frequency-constants were closer together (just ‘<’, not ‘<’) then we would not even get a
straight line in the plot between the different frequencies.

Ezplanation of the shape. For w < wy, all four pole or zero terms are approximately 1, so the gain is just k.
This should be marked on the y-axis as a dB value of 20log,, k. Increasing the frequency, there is first a zero,
so the amplitude plot starts increasing at 20 dB/decade; then there is a pole, which cancels the effect of the
zero, giving a flat response again. The next change is another pole, giving a response of —20dB/decade, i.e.
falling, until the final zero is reached, after which the zeros and poles cancel (2 zeros and 2 poles), giving a flat
response again. The value of the function for w > w4 will be %, but there won’t be removal of points for
omitting this on the sketch.

Q7

a) We are told that R; and C (and the source) are known, but that we can choose Ry and L, with the aim
of maximising the power into Ry (the power into Ry is of course purely real, as it is a pure resistor).
This is therefore a classic maximum power question, with source-impedance of Z; = ﬁlc)

Ry TIW
The ac maximum power principle is that the load, Zo = Rs + jwL, must be the complex conjugate of the
source impedance in order to give maximum active power transfer to the load.

Therefore, we want to choose Ry and L so that Z; = Z3, or equivalently, Zj = Zs.

Being wise, we look ahead: Z5 already has these variables Ry and L separated between its real and imaginary
parts; we therefore keep Z5 as it is, and manipulate Z; so that was can separate its real and imaginary parts
and equate them with the corresponding parts of Zs.

1 " 1 Ry + jwCR?
Zz:Rz-i-ij:Zf:( ) = _ D bl

7 +ijwC ) g —jwC  1+w?C2R}
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. . . - R _ _ CR:
Equating the real and imaginary parts, Ry = m and L = m.

b) The total circuit impedance seen by the source is Z; + Zs. When the values of Ry and L are chosen
according to part ‘a)’, above, then we know Z7 = Zs, so the total circuit impedance is Z; + Z7. This simplifies
to 2R{Z, }, where R{} indicates the real part.

To find the power dissipated in Ro, it is sufficient to know the rms current. The load components (Rg and L)
are in series, so the current in R is the same as the marked current . There is no need to care about the phase
angle when calculating power due to a current in a resistor: only the magnitude is important. The magnitude
of the current around the circuit is

2R{Z,} 2R, 2R,
which is a peak value, because Uis a peak value.

The mean power dissipation (active power) in the load is £|i|*R,.
The factor 1/2 is needed because the ¢ that we calculated above is a peak value.

. 2 1+w?C?R? 2
Putting these together, P = U2 Nt 17 ) 1+w5&zR§~
) ) U2 (1402C2 R2
The solution is then P = %

Qs

a) Each impedance Z; is jwL, and has rms voltage U across it, and there are three such impedances.

2
By the relation S = |g‘* , the total complex power to the three Z; is S; = fffL =] 3WULZ
We note that this is purely imaginary, so there is no active power, which means we didn’t really need to

calculate it — we could just have said “there will be no active power in an [ideal] inductor”.

Each impedance Z5 is R + w%’ and the voltage across it is v/3U due to the delta connection.
(v3U)?  9U?(R-jk)

R—e  R+(w0) 77

The complex power into the three impedances Zs is therefore Sy = 3

The total complex power is the sum of the above two contributions, S; + .S2, and the total active power is the
real part of this. Because the Z; gives no active power, we just need to consider the real part of Ss.

. 2
That gives P = %.

b) Choose L to set the reactive power from the source to be zero. This means that we want ${S; + S2} = 0,
where ${} mean the imaginary part.

From the above expressions for reactive power (or by considering that Z; is inductive, and Z is partially
capacitive) we see that the two loads have opposite sign of reactive power. The task is therefore to set their
reactive powers to have equal magnitude, so that they cancel.

. -
The required equality is 30> = 2 aa

= R2+(wC)_2C
wL R2+(wC)~ 2 3 j

so the required inductance is L =

c) It is known (from part ‘b)’) that the load is balanced and the reactive power from the source is zero. The
reactive power from each individual voltage source must therefore be zero, so the current i, must have the
same phase-angle as the voltage u.. (Note that in general, a zero reactive power could also be acheived by a
phase-shift of 7, or by the current having zero magnitude: but we exclude these situations here because we
know that Zs is partly resistive and is therefore consuming active power.)

This fixes the phase-angle to /i, = su., = —240° = 120°.

The magnitude of i, is whatever is needed to provide one third of the total active power consumption of the

loads, i.e. P/3 where P is from part ‘a)’. This is |i.| = #25)_2/ (3U) = %.
The complex current in phase c is therefore i, = %{—240".
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