Tentamen [s|: EI1102/EI1100 Elkretsanalys, 2014-08-29 kl 08-13

Omtentan giller en nerlagd kurs, vilken hade sista omgangen HT13. Nista omtentan planeras att ske samtidig
med tentan i kursen EI1120, VT15.

Hjilpmedel: Ett Ad-ark med studentens anteckningar (bada sidor). Dessutom, pennor!

Svar far anges pa svenska eller engelska. En kort ordlista finns pa sista sidan.

Tentan har 3 tal i del A (15p), och 3 tal i del B (15p).

Godként vid >25% pa del A och del B individuellt, och >50% pa delarna A och B tillsammans. Betyget riknas
sedan fran summan av A och B. Se KursPM:et angaende betygsgrinser, rattningsnormer och 6verklagande.

Lés varje tal noggrant innan du fors6ker svara.

Senare deltal kan vara betydligt svarare dn de forsta deltalen.
Satsa inte for mycket tid pa bara en uppgift om du fastnar: ta hénsyn till podngvéirden pa uppgifterna,
och att man maste bade delar av tentan.

Ténk pa att anviinda aterstaende tid till att kolla igenom varje svar: man kan gora dimensionsanalys,
rimlighetsbedémning (t.ex. ”dr det rétt att y gar ner medan x gar ner?”); och losning genom en alternativ
metod. Losningar ska férenklas om inte annat dr specificerat.

Examinator: Nathaniel Taylor

Del A. Likstrom och Transienter.

1) [ T
Kénda: Rl, RQ, ]’237 R4, U, Il, Ip. m

c) [Ip] Bestém effekten levererat till Rs. Iy
d) [2p] Bestdm effekten levererat fran kéllan U.

2) [5p]

Kénda: Rl, RQ, Rg, R4, U, I, g, h.
Anvind nodanalys for att skriva ekva- i_
tioner som gar att losa for de okénda

V2

U1
hig
potentialerna vy, ve, vs, V4. U G Ry § Ry guy I Q)
R

AN

a) [Ip] Bestidm effekten levererat till Ro. R g
2
b) [1p] Bestdm den markerade spénningen u,. R § I CT) § R,
Ry

Du maste inte lésa ekvationerna, och

aAA"

maste inte skriva om dem 1 forenklad eller 1 gy .
matris form. Det finns flera mojliga svar .
(alla med samma, 16sning). «— G -

3
3) [5p] Lo R3
Kénda: U, C, Ll, LQ, Rl, RQ, Rg. YYY L A A A
Kretsen ér i jamviktslidge vid tiden ¢t =07,
d.v.s. just innan ¢ = 0 nér brytaren stangs. i) +

a) [2p] Bestdm i(07). L Ry t=0% C ____u?) C) U

b) [2p] Bestdm u(0). -

c) [1p] Bestdm funktionen i(t), for ¢ > 0.
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Del B. Vaxelstrom

4) [5p R

Kénda: R;, R, L, R,. /\/\/\/

Spéanningen u; pa polerna till vénster orsaker spanningen wu,
mellan polerna till hoger. I

Uo (w)

ui(w)

b) [3p] Nétverksfunktionen fran deltal 'a)’ borde kunna skrivas
i formen,

a) [2p] Bestdm kretsens nétverksfunktion,

jw/ws +o/*
1+jw/wp' R;

Hw)=1+

(Du maste inte bevisa det, men du kanske vill dubbelkolla del ’a’!)

Skissa ett Bode amplituddiagram av H(w), med viktiga punkter T _
och lutningar markerade. Anta att wy > w,. Ar du osdker om han- o
tering av "1+’ termen, sa kan du lamna ut den utan stort avdrag. %

5) [5p] C
Kéanda: I, C, R, L, w. | |
I dr en komplex storhet som beskriver en vixelstromskélla | |
av vinkelfrekvensen w.

0 a

I R L
a) [2p] Bestdm Norton-ekvivalenten av kretsen, mellan po- CD

lerna ’a’ och 'b’. Visa ekvivalanten med ett diagram. Var inte
forvanad om inte alla kéinda komponentvéirdena behovs. < ob

Z'ab

b) [3p] En impedans kopplas till kretsen, mellan polerna ’a’ och 'b’. Rita ett diagram av hur impedan-
sen kan skapas med tva komponenter (vilj mellan motstand, spole, kondensator) pa ett séitt som maximerar
overforingen av aktiveffekt till impedansen. Det finns flera &n ett sétt. Uttryck de tva komponentvirden i de
kénda variablerna.

6) [5p) ,
Kénda: U, f, w, 0, R, L,C. io(t)

Tidsvariabeln ir t. L u(t) = Ucos(wt +6) ( ©
a) [3p] Bestdm i,(t). Anta att losningen kan

goras med vixelstromsanalys, d.v.s. att det inte R

finns transienter kvar. Observera att kéllorna . L
har olika frekvenser. i(t) = I'sin(2wt) (G

b) [2p] Bestidm den genomsnittliga effekten
(" aktiveffekt” i véxelstroms terminologi) i R.

Ordlista 6ver mindre sjilvklara dverséttningar: resistor motstind, capacitor kondensator, inductor (coil)
spole, current strom, voltage spanning, power effekt, active power aktiveffekt source kdilla, switch brytare,
terminal pol, angular(radian) frequency wvinkelfrekvens,
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Solutions (EI1102, Omtenta 2014-08-29)
Q1

a) Resistor Ry is in series with a current source I, which determines its current. Power in a resistor can be
calculated from current and resistance, without having to consider the direction of current. The power into
the resistor is I3 Ra.

b) The marked voltage u, across Rs can be found by voltage division across the series-connected pair Rj
and R4. This is convenient because this pair is directly connected to the voltage source U; it might not be
R3

very obvious, but you can follow the nodes round to see that it’s true. Therefore, u, = U S One should

be careful to check that the definition directions of U and w, don’t make a negative sign necessary!

c) The voltage across Rj3 is u,, already known from the above.

2
The power dissipated in a resistor can be found from the voltage across it and its resistance, i.e. %‘;.

2
) /R3, which simplifies to C U*Ry

This power is (U [(ZFSAER

R3
R3+Ry
d) The voltage of a voltage source is known by definition. By finding the current coming out of the + terminal
of source U, and multiplying by this voltage U, the power out of the source is found. So, what is the current?
Consider the node at the 4+ terminal of the voltage source:

* the current from this node into the current source I; is —I1;
* the current into the resistor R3 is ﬁ as found in part ‘b)’;
and so, by KCL, the current out from the voltage source’s + terminal is

Ul.

v__ _
5 R3+R4 Iy.
The power out from the voltage source is then ﬁ —

Q2

Some previous solutions of homeworks or exams have shown two methods of systematically writing an equation
system from a circuit. Here, we will use just the ‘simple’ direct method, which results in more equations and
variables, but has advantages of less work spent on making simplifications, and more direct correspondence
between the equations and the circuit diagram. Other methods, e.g. by considering ‘supernodes’, produce a
smaller equation system, which can be desirable for hand-calculation.

Define currents (unknown variables) in the voltage sources: let’s call them I, into the + pole of source U, and
13 into the + pole of source hi,.

Now do KCL on the outgoing current at all the nodes other than the ground node:

KCL(1): Ig—1I,+ 2" 9
2
VU2
KCL(2): —Is+ -2 =0
Ry
U3 — U4 U3 — V4
KCL(3): —I=0
( ) g’LLy+ R3 + R4
KCL(4): S-S M- 2%

Ry R3 Ry
Then we add equations describing the relations imposed between node potentials by the voltage sources. These
two equations compensate for the two unknown currents I, and I in the voltage sources.

v, = —-U

v — Uy = hiy

Finally, the two controlling variables of the dependent sources need to be defined in terms of already-introduced
variables:

Uy = V3 — Uy

U3 — V4

e
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Counting up the unknowns and equations, we see v1...4, Io, I, i and u, (8 unknowns), and 8 equations also.
Having used a suitable systematic method, we can be confident that a solvable circuit will have given a solvable
equation system.

Q3

a) The source is dc (a constant value) and we are told to assume that there is equilibrium at this time ¢ = 0.
We can therefore find voltages and currents by replacing inductors with short circuits, and capacitors with
open circuits. This leaves a circuit with just the three resistors and voltage source.

Solving for current ¢, which is the current through resistor Ry, we can first find the current from the source,

. - U o o s . e cN—\ U . Ro
which is TR R then use current division between R; and Ry, giving i(07) = —mymy- Th RiiR
JFES 3 R1+Rg 3

g N =N — UR,
Simplifying this, i(07) = =g Garm -

b) The voltage u(t) is defined across a capacitor: it is therefore a continuous variable, as it relates to the
stored energy, so u(0~) = u(0"). The task of finding w(0") is thus acheived by finding the equilibrium level,
u(07) before the switch closed.

By the same process as part ‘a)’; the circuit can be reduced to three resistors and the voltage source, and u is
seen to be the same as the voltage across the parallel resistors Ry or Rs.

R Ry
By voltage division, this is w(07) = U—fa—2—.
T g s
. o . . _ . UR+,R
Simplifying, and using «(0~) = u(0"), the answer is u(0") = UW or w(0%) = g p it mrn.

RiR3

¢) The current 4 is the current in an inductor, so it is a continuous variable. Its initial state, (0"), is therefore
the same as ¢(07) which was found in part ‘a)’. The switch short-circuits R and the right part of the circuit,
so the current (¢t > 0) runs in a loop of just L; and R;. This loop has a time-constant of 7 = L;/R;. The
final state of i(t) as t — oo, must be zero, as there is no source but there is a resistor that dissipates energy.

The requested time-function is therefore i(t) = i(0~) exp(—t/7), which has the desired property of going from
the initial value to the final value, in an exponential shape with time-constant 7, as expected for a first-order
circuit.

This answer should ideally be expressed in the given quantities: i(t) = WIM exp —t% (t > 0).

Q4

Yes, I could have mentioned that the opamp is ideal. This time I thought I wouldn’t, as this is an assumption we make
for all the components. But previous exams always said this, so I understand it was a bit worrying if something was
different in this case.

a) The function u,/u; can be found by assuming that the opamp’s feedback is forcing the inverting input to
have potential u; (to follow the non-inverting input). Then voltage division of u, between the two impedances

provides the necessary relation between u, and wu;: u; = uom%.
T R+jwl

The desired network function requires this to be inverted to give the ratio uo/u;: 3 =1+ %.
This could be written in different forms, e.g. by changing terms like R/ L for a frequency w,,, or by keeping terms

(R+jwL) instead of making them dimensionless; the question did not state that the canonical form is required.

b)
Ignoring the ‘14’ part of H(w), there is a +20 dB/decade slope for w < wy,, and a 0 dB/decade slope for w > wy,.
In the region w = w,, the amplitude passes through 0dB.

This shape can be understood by combining the separate effects of the numerator, jw/w,, which has 420 dB/decade
slope everywhere, and the denominator, 1 + jw/w,, which has —20dB/decade slope at w > w, and flat 0dB
at w < wp).
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To include the ‘14’ term, notice that this ensures that |H(w)| does
not fall below 1 (0dB). (This claim depends on the main term not IH] (dB) +20 dB/decade
having a negative real part; in our case this is true, as the main term’s

phase varies only from 90° to 0°. \
. . . . | log(w)
In the given situation of w, < wp, all the region w > w, would have  0dB

T [

|H(w)| > 1, so the ‘14’ is negligible. The Bode plot can be modified wz wp
to include the ‘1+’ by forcing the plot up to a constant 0 dB for w < w,.

without "1+"
One could also mention that the gain at the high frequencies, w > wp,

is approximately 20log;, %}; Pedantically, we could say the points on

the horizontal axis should be marked as e.g. logwy, instead of wy,.

Q5

a) Component C' is irrelevant to the rest of the circuit, as it is in series with a current source. As we are only
interested in what happens outside the branch of I and C, we can replace these two by just I.

The circuit is then almost exactly a Norton equivalent already.
The Norton current source is Iy = I, still in the same direction with regard to terminals ‘a’ and ‘b’.
The conductance %, and susceptance ﬁ, are combined into a single admittance, Yn = % + ﬁ

As an alternative (less conventional for Norton sources) we can write this as an impedance, Zn = é‘j’iﬁ.

The same result could be found by the more general way, of calculating short-circuit current and open-circuit
voltage.

b) The ac maximum power-transfer condition is that the load’s impedance (or admittance) equals the complex
conjugate of the impedance (or admittance, respectively) of the source.

So we want to make a load admittance Y, such that Y, = Yy = & — J.“%L, or equivalently, Y, = & +j—r.
Notice that this admittance has a positive real part and positive imaginary part. A resistor has purely positive
real impedance or admittance. An inductor or capacitor has a purely imaginary impedance or admittance, which

can be negative or positive depending on the component and on whether we use impedance or admittance.

When connecting admittances in parallel, they sum directly to the total admittance (impedances sum when
series). The positive real and imaginary parts of the required admittance can therefore be independently
implemented with a resistor R, and capacitor C,. These give an admittance of R% + jwC,. We have to choose
R, and C, to give the required value of Y.

1

Considering the real and imaginary parts separately, we see R, = R, and jwC, = jﬁ, ie. Cp = 7.

The other way to implement the right load for maximum power would be a series connection of a resistor and
capacitor. In this case, the necessary values would be different from the ones needed for a parallel connection:

let’s call them R, and C. The criterion would be R, — j—lc =Zy=2y= Yl . It is useful to get this last term
¢ ‘ wly N
into a form where the real and imaginary parts are separate so that they can be equated with R, and ﬁ
Y
1 _ 1 _ jwLR _ w?’L?R—jwLR® _ a1

Hence YT R WL-R T RPtwtLZ Ry —ige

o 2L°R i1 . _wLR? R21w2L?
From this, R, = m, and —ize, = —Jm, ie. Cy = %.

Notice that the choice of parallel components was simpler in this case, as it better matches the known compo-
nents R and L in the source circuit.

Q6

a) The independent sources have different frequencies. (It might have been clearer just to have written them
as wy and we, instead of w and 2w.) Superposition is therefore needed if we are going to take advantage of the
convenient method of steady-state sinusoidal analysis, which solves for a specific frequency.

Consider the contribution of each source separately, to the marked current i, (¢).

Case 1. With just the current source active, the voltage source is a short-circuit. The circuit can be redrawn
with the irrelevant inductor omitted and the voltage source being a short-circuit; then we see that the current
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at frequency 2w divides through R and C. Let’s define the current source in the frequency-domain as being a
current phasor I = I/0, which means we’ve used a sine convention and peak-value convention.

1 N
_divigi ; — 2wC 1 _ I _ —1 2wCR
Then by current-division, i,(1)(2w) = IRJszic = TooRl = Ao/ tan -

Now returning to the time-domain, remembering to use the same sine- and peak conventions as we used at the
start, i,(1)(t) = \/ﬁ sin (2wt — tan~*(2wCR)).

Case 2. Now with just the voltage source active, the current source can be ignored (open circuit), and the
circuit is simply a loop of U, R, C. Let us define the voltage source as U = U /6, which means we’ve used a cosine
reference and peak values. Notice that the reference can be independently chosen for each superposition-case;
what is important is to choose the same reference for the time-frequency conversion as for the frequency-time
conversion, for any particular case, in order to get the correct time-functions.

— U _ U e 1t -1 _1
= — = an ars
_
R— - \/R2+ w21C2 wCR

The marked current in this second case is i,(2)(w)

In the time-domain, using the cosine reference that we used when converting to the frequency-domain, this
Y cos (wt + 6 + tan™' —L=).

tis ig(2)(t) = ————
current is iy(2) (%) \/@

Finally: By superposition, the actual current ¢,(¢) is the sum of both the above results,
I

twlt) = e
1+ 4w?C?R

U g 1
—cos | wt+ 0 + tan CR)
VE + mee .

b) The mean power (over multiple periods of the source frequencies) could be found by integrating instanta-
neous power over some time 7' during which a whole number of cycles of both frequencies have occurred, i.e.

P =L ["T R2(t)at.

sin (2wt —tan! QwCR) +

But there is a more convenient method, power superposition, which is valid only for this situation where the
sources being handled by superposition have different frequencies.

Looking back to the frequency-domain expressions for i, (-)(w) in the working of part ‘a)’; the active power in
each superposition case is easily found by squaring the magnitude of the current, multiplying by the resistance,
and dividing by 2 (because of peak values being used).

11 42C?R2 T BB 4 2

w2C?

. : . R I? U2
Summing the results for the two frequencies, this is ) ]

6/6 KTH EI1102 (Electric circuit analyis) Re-exam SOLUTIONS, 2014-08-29



